The imperfection sensitive buckling loads of fibre reinforced polymeric (FRP) composite cylindrical shells under axial compression can be optimised with respect to many material and geometric parameters. Current approaches, using mathematical algorithms to optimise the linearised classical critical loads with respect to many design variables, generally ignore the potential reductions in elastic load carrying capacities that result from the severe sensitivities of buckling loads to the effects of initial imperfections. This paper applies a lower-bound design philosophy called the reduced stiffness method (RSM) to the optimisation design of FRP shell buckling. A physical optimisation in terms of parametric studies is carried out for simply supported, 6-ply symmetric, glassepoxy circular cylindrical shells under uniform axial load. It is shown that under the guidance of RSM, safe lower-bound buckling loads can be enhanced greatly by choosing appropriate combinations of design parameters. It is demonstrated how this approach encourages the delineation of those components of the shell's membrane and bending stiffness that are important and those that are unimportant within each of the prospective buckling modes. On this basis, it is argued that the RSM provides not only a safe but also a more rational strategy for better design decision making.
Introduction
Due to their high strength-to-stiffness and strength-toweight ratios, fibre-reinforced-polymeric-(FRP-) laminated shells are widely used in the weight sensitive industries such as aerospace, automobile, and offshore engineering. For thin FRP-laminated shells, the typically low elastic stiffness-tostrength ratios result in the elastic buckling playing a greater role in the design process compared with equivalent metallic structures. Relative to conventional metallic shells, the buckling capacities of FRP laminated shells will depend upon a much larger number of additional design variables, such as fibre distribution and orientation, lamina stacking sequence and thickness, and material selections. Identifying optimum design choices is consequently a more complex problem than for metallic shells.
Current approaches [1] [2] [3] [4] [5] to the problem share a methodology based upon mathematical optimisation algorithms seeking the maximum linear classical critical loads of perfect FRP-laminated shells with respect to many design parameters. These approaches have inherent defects. Firstly they heavily rely on immense mathematical and computational efforts. Secondly they usually leave basic understanding of the mechanics of buckling implicit and consequently provide little direct assistance to the designer. Thirdly, and more importantly, real shells always have initial geometric imperfections. These imperfections play a defining role as to the reductions of elastic buckling capacities from the unsafe upper bound provided by the classical critical loads. Different design parameters and different buckling modes will exhibit very different levels of imperfection-related knock-down to safe, lower-bound, buckling loads. Therefore, optimising the unsafe buckling loads of the perfect laminated composite shells has no direct or obvious relevance to the identification of the optimal safe buckling loads of the corresponding imperfect shells. Assuming that imperfect laminated composite shells have the same optimal laminate configurations for buckling resistance as perfect ones can be quite erroneous. Hence past predictions of optimal laminate configurations for perfect shells may not prove optimal when imperfections are taken into account.
Although some researchers have tried to assess the imperfection sensitive buckling loads of the optimised composite shells by using Koiter's initial postbuckling theory, their predictions are usually higher than the experimental data, for example [3] , and assume that the most severe imperfection sensitivity will always occur in the mode for which the classical theory predicts a minimum. Also, it is believed [6, 7] that optimal classical critical loads are generally associated with increased imperfection sensitivity. The presence of initial imperfections may make these apparent optimal configurations for perfect shells less favorable than other designs as a result of modes that display lower imperfection sensitive buckling loads. Therefore, these approaches are far away from serving as rational optimisation design methods.
A rational design method of optimising buckling capacities of laminated composite shells should take account of the effects of initial imperfections at the outset. Furthermore, it should be able to give safe predictions of the imperfection sensitive buckling loads. But initial imperfections are stochastic variables. Before shells are built, no information about the details of initial imperfections can be obtained. On the other hand, once shells are built, there is no need to carry out optimisation. Without the information of initial imperfections and complete knowledge of the effects of all forms of initial imperfections on buckling resistance of laminated composite shells, it may reasonably be asked whether a rational design philosophy to optimise the buckling capacities of composite shells is possible. The answer we believe is positive.
Since it is impractical to obtain concrete information on initial imperfections before a shell is built and because the effects of various initial imperfections are quite different from one another, one possible way to tackle this dilemma is to predict the worst effects of initial imperfections on the buckling capacities of composite shells. The reduced stiffness method (RSM) is such a lower-bound design philosophy that is able to predict the worst possible effects of initial imperfections. It is based on the physical argument that the reductions in the buckling loads of shells result from the loss of initial stabilising membrane energy in the postbuckling regime, due to mode couplings catalysed by the presence of imperfections. By eliminating these membrane energies, the classical critical analysis allows a lower bound to the imperfection sensitive buckling loads of shells to be obtained. The RSM has predicted safe lower bounds for a range of isotropic and stiffened shells [8] . Since this method also encourages the delineation of those components of the shell's membrane and bending stiffnesses that are important and those that are unimportant within each of the prospective buckling modes, it also provides a valuable tool for better design decision making. This paper provides a brief outline of the RSM applied to the prediction of safe buckling capacities of laminated composite shells. It attempts to demonstrate how the optimisation based upon the safe, lower-bound, predictions of the RSM leads to designs that could be very different from those based upon unsafe, upperbound predictions.
Analytical Formulation
The geometry and coordinate system of an FRP-laminated circular cylindrical shell are shown in Figure 1 with thickness, t, length, l, and radius, r. The shell is simply supported and subject to uniform axial stress σ.
Kinematic Relations.
The Donnell approximations of the linear incremental strain-displacement relations at the critical state are
and the non-linear incremental components Here u, v, and w denote incremental displacements in the axial, circumferential, and radial directions from the critical state; (ε x , ε θ , ε xθ ) are the incremental membrane strains; (χ x , χ θ , χ xθ ) are the incremental bending strains. A single dash superscript denotes the linear components, and a double dash the quadratic components.
Constitutive Relations.
Based on the classical lamination theory, the constitutive relations corresponding to the linear incremental strain components are
and those corresponding to the nonlinear incremental strain components are
Following the usual convention (n x , n θ , n xθ ) are the stress resultants; (m x , m θ , m xθ ) are the incremental moment resultants. A i j , B i j , and D i j (i, j = 1, 2, 6) are, respectively, the membrane, bending-membrane coupling, and bending stiffnesses of a laminate and have the following definitions:
Here Q i j (i, j = 1, 2, 6) are the transformed in-plane stiffnesses of a single ply and are defined as follows: 
where θ is the angle of fibre orientation ranging from −90 • to 90 • relative to the positive direction of the x-axis with the positive angle defined as rotating towards the positive direction of the y-axis; Q i j (i, j = 1, 2, 6) are the in-plane stiffnesses of an orthotropic ply in the principle material directions and are defined as
with the reciprocal relation:
E 1 , E 2 , μ 12 , and G 12 are the apparent Young's modulus of a ply in the direction of the fibre, the apparent Young's modulus in the direction transverse to the fibres, the major Poisson's ratio, and the apparent in-plane shear modulus, respectively. To be able examine the parameters of fibre and matrix volume fractions (V f , V m ) and material properties, we use the Halpin-Tsai equations to determine the aforementioned four independent engineering constants and they are
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where
Detailed derivations of all the aforementioned stiffness parameters and the determination of engineering constants can be found in [9] .
Fundamental State.
For a circular cylindrical shell subject to uniform axial compression, the fundamental state prior to bifurcation point can be taken as axisymmetric membrane in the classical buckling analysis. Hence the fundamental stress resultants are
Here we assume that the effect of membrane-bending coupling stiffnesses B i j (i, j = 1, 2, 6) can be neglected in the fundamental state, and that the extension-shear coupling stiffnesses A 16 and A 26 equal zero. Using constitutive relations (3), the corresponding fundamental strain components are
Displacement Functions.
For simply supported boundary conditions, the incremental displacements can be taken as harmonic functions:
where i is the circumferential full wave number and j the axial half-wave number.
Classical Critical Load Analysis.
In the classical critical analysis, the principle of stationary total potential energy gives a compact and systematic framework for interpreting buckling behaviour. Of present interest is the quadratic term of the total potential energy from which the condition of the stationarity results in the eigenvalue problem that yields the classical critical load spectra. The quadratic term of the total potential energy can be represented as
where U x 2b = (1/2) 1 0 2π 0 m x χ x r dθ dx is the linear axial bending energy, U θ 2B = (1/2) 1 0 2π 0 m θ χ θ r dθ dx is the linear circumferential (hoop) bending energy, U xθ
Using (11), (12), and the expressions obtained from substituting (13) into (1)-(4), the condition of stationarity of the total potential energy with respect to arbitrary kinematically admissible displacements requires
which results in the linear eigenvalue problem as follows:
in which λ ≡ jπ/L. The existence of nontrivial solutions of (16) requires the coefficient determinant to equal zero. Hence, we obtain the classical critical load spectra: , this means that all the other energy components contribute to the shell's initial resistance to buckling. The reduced stiffness method is based on the physical argument that mode coupling, catalysed by geometric imperfections, results in the loss of initial stabilising membrane energy (see [8] for a recent summary). By eliminating U 2M and V θ 2M from (14) and applying the condition of stationarity to the reduced quadratic form of the total potential energy, we obtain the reduced stiffness critical load spectra:
2.7. Reduced Stiffness Optimisation Strategy. The neutral stability of the critical state requires the quadratic term of the total potential energy (14) to equal zero. So the classical critical loads can be expressed as
The corresponding reduced stiffness critical loads are
As will be shown in the following example, each choice of axial half-wave j will result in a classical critical load spectrum from (20) that exhibits a minimum at some value of i. The lowest of these minima, occurring in a mode (i, j) = (i cm , j cm ), is what is usually referred to as the classical critical load, here denoted by σ cm . For each choice of j, the reduced stiffness critical spectra of (21) will predict a value of σ * c associated with the circumferential wave number i corresponding to the lowest classical critical load. The lowest of these reduced stiffness critical loads σ * cm will occur in a mode (i, j) = (i * cm , j * cm ) that could be different to the classical critical mode (i cm , j cm ). It is this least value σ * cm that has been shown to represent a lower bound to imperfection sensitivity [10] . It is clear that the philosophy of the reduced stiffness optimisation is to increase the bending energy and decrease the destabilising effect of the nonlinear axial membrane energy to enhance the lower bound of the buckling capacities of shells. It will be shown that such a procedure will cause mode shifts that allow identification of an optimum combination of the many material and geometric parameters.
Typical Case Study
A 6-ply symmetric glass-epoxy circular cylindrical shell is taken as an example. The shell has the geometric and material properties as follows:
which has all fibres orientated in the axial direction, with equal ply thickness is taken as the starting point. "0 • " denotes the angle of fibre orientation and the subscript "6" denotes the number of ply. The fibre volume fraction is 0.5 for each ply. Figure 1 shows the classical critical load and the reduced stiffness critical load analyses for this shell. The classical critical load analysis predicts that the minimum critical load σ cm = 18.9 MPa occurs in the mode (i cm , j cm ) = (17, 8) while the reduced stiffness analysis predicts that the lower bound σ * cm = 5.6 MPa happens in the mode (i * cm , j * cm ) = (8.3, 1) with nearly 70% reduction from the minimum classical critical load. To guide our choice as to how to rearrange lamina configuration to enhance the reduced stiffness critical load, we need to look at the different contributions from various energy terms in the classical critical modes. Figure 3 shows that in mode j = 1, for the case of [0 • ] 6 the linear hoop bending energy is the major component within the total bending energy in the reduced stiffness critical mode. Since all membrane energies are eliminated from the classical critical load analysis, the most important strategy of the reduced stiffness optimisation is to ensure that the total bending energy in the reduced stiffness critical mode is as high as possible. An obvious way to improve the lower-bound buckling capacity of the shell is to enhance this important linear hoop bending energy. However, under current circumstances with fibre unidirectionally orientated in the axial direction and the total fibre volume fraction fixed, the objective of increasing the hoop bending energy is of necessity achieved by moving fibres from the axial direction to the hoop direction at the sacrifice of the axial membrane stiffness. From Figure 3 , it can be seen that the linear axial membrane energy is the major component constituting the total linear membrane energy. Any decrease of the linear axial membrane energy is very likely to result in the decrease of the total linear membrane energy, which has the effect of lengthening the circumferential wavelength. That is to say that the classical critical mode i cm would shift towards the left in Figure 3 membrane stiffness accompanying a reorientation of fibres into the circumferential direction has two counter vailing effects. The increase in circumferential bending energy will enhance while the increase wavelength of the critical buckling mode will reduce the buckling resistance. The optimum will represent a compromise of these two effects. But there is a further complicating factor. The decrease of the axial membrane stiffness will increase the destabilising effect of the nonlinear axial membrane energy as seen in Figure 4 . The effect is an increase in the denominator of (21), resulting in a reduction of the reduced stiffness critical load. Therefore there must be an optimum choice of redistributing fibres in the axial and hoop direction to achieve the highest reduced stiffness critical load. The analysis results of an extreme case [90 • ] 6 , that is moving all fibres from the axial direction to the hoop direction, are shown in Table 1 . As aforementioned, the excessive compromise of the axial membrane stiffness caused a significant circumferential mode shift from 8.3 to 6.3. The relatively large increase of the circumferential wave length counteracted the effort to make a substantial enhancement of the hoop bending energy through moving all fibres from the axial direction to the hoop direction. The hoop bending energy and the total bending energy show a slight increase, whereas the decreased axial membrane stiffness substantially increased the destabilising effect of the nonlinear axial membrane energy; see Figure 4 . The overall effect caused a nearly 30% reduction of the reduced stiffness critical load. It is clear that an optimum reduced stiffness critical load should have a laminate configuration with fibres distributed in both directions.
Moving only part of the axial fibres to the hoop direction, say [0 • , 0 • , 90 • ] s , the angles of fibre orientation are counted from the outside to the middle plane of the shell and "s" represents symmetric distribution about the middle plane. From Table 1 , it can be seen that the linear hoop bending energy and the total bending energy had a slight reduction due to the moderate mode shift from 8.3 to 8. The destabilising effect of the nonlinear axial membrane energy was also moderately increased. But the overall effect resulted in a slightly higher reduced stiffness critical load compared with the case of [90 • ] 6 . In addition to the mode shift, the other reason why the linear hoop bending energy was not increased substantially is that the hoop plies were placed near the middle plane of the shell and hence have a small eccentricity. To more effectively enhance the linear hoop bending energy, the hoop fibres should be moved from the middle plane to the surface of the shell to increase the eccentricity. This can also be justified with the interpretation of energy contributions. Since restacking the lamina sequence will not change the membrane stiffness, moving hoop fibres from the middle plane to the surface will definitely lead to the net increase of the hoop bending energy, see Figure 2 , and the decrease of the linear axial bending energy will have negligible effect [11] . With the increase of the linear hoop bending energy, the classical critical mode will have a moderate shift to increase the circumferential wave length, having the effect of decreasing the destabilising effect of the nonlinear axial membrane energy; see Figure 4 . The overall effect will definitely lead to a net increase of the reduced stiffness critical load. The cases [0 Table 1 illustrate the procedure. With the moderate mode shifts, the linear hoop bending energy, the total bending energy, and the reduced stiffness critical load were all increased significantly. The last two cases in Table 1 illustrate a continuation of the idea of moving axial fibres to the hoop direction. However, again excessive sacrifice of the axial membrane stiffness combined with relatively small eccentricity of the hoop plies leads to a net decrease of the reduced stiffness critical load compared with the case [90 • , 0 • , 0 • ] s .
Anisotropic Laminate Configurations .
The effect of changing the angle of fibre orientation is equivalent to changing the membrane and bending stiffnesses. Hence, the reduced stiffness optimisation can still be carried out within the framework of energy contributions. Figure 5 shows a reduced stiffness optimisation including the effect of any angle of fibre orientation. Firstly, the case [θ] 6 in which fibres are unidirectionally oriented in any direction was taken as a start point. From Figure 5 , it can be seen that [0 • ] 6 gives the highest reduced stiffness critical load. Based on the case [0 • ] 6 and under the consideration of improving the linear hoop bending energy, the angle of orientation of a part of fibres was taken as design variable to examine its effect on the reduced stiffness critical load. From Figure 5 , it is clear that the orthotropic case [90 • , 0 • , 0 • ] s still gives the highest reduced stiffness critical load. Based on the case [90 • , 0 • , 0 • ] s , the same approach was applied. From critical loads. It is apparent that the presence of initial imperfections may render the predicted optimal configurations for perfect shells unfavorable compared with configurations exhibiting lower imperfection sensitivity of buckling load carrying capacities.
Effect of Fibre Volume Fraction.
So far the case [90 • , 0 • , 0 • ] s with the fibre volume fraction of each ply fixed at 0.5 gives the highest reduced stiffness critical load. To further optimise energy contributions so as to enhance the reduced stiffness critical load, we can take the fibre volume fraction of the hoop ply as an additional design parameter. Figure 7 shows the effect of increasing the fibre volume fraction in the outer lamina; 0.75 is assumed to be the fibre packing limit. In each case the volume fractions in each of the inner laminae are equal and adjusted to ensure that the total fibre volume fraction is fixed at 0.5. All of these results can be interpreted within the framework of the energy contributions. From Figure 7 , the highest reduced stiffness critical load occurs at 0.75 and has the value of 9.1 MPa which is 62.5% higher than 5.6 MPa of the starting case [0 • ] 6 and over 900% higher than the lowest load so far obtained for the case [50 • ] 6 (see Figure 5 ). 
with the total shell thickness unchanged, the total fibre volume fraction fixed at 0.5, and the fibre volume fraction of the 90 • ply fixed at 0.75.
Effect of Lamina
Thickness. Based on the above obtained laminate configuration we can further try to enhance the reduced stiffness critical load by changing the thickness of each hoop ply. Figure 8 shows such an analysis with the total thickness of the shell unchanged, the fibre volume fraction of the hoop ply kept constant at 0.75 and the fibre volume fractions in the axial plies adjusted to maintain a total fibre volume fraction of 0.5. It can be seen that the laminate configuration giving the highest reduced stiffness critical load is that for which all laminae have equal thickness. The change in any lamina thickness will break the balance of the so far optimised energy contributions and hence lead to the reduction in the reduced stiffness critical load.
Effect of Geometric Parameters.
For the aforementioned illustrated case, the least values of the reduced stiffness critical loads for all laminate configurations occurred in the mode of j = 1. Figure 9 shows the reduced stiffness critical loads with different length to radius ratios for the case [90 • , 0 • , 0 • ] s . It can be seen that the least values of the reduced stiffness critical loads can happen in modes other than j = 1. For example, for L = 0.512, the least reduced stiffness critical load occurs in mode j = 2; for L = 1.024, the least load happens in mode j = 4; and for L = 1.536, the least value occurs in mode j = 7.
For cases where the least reduced stiffness critical loads occur in modes other than j = 1, the energy components in each of the possible buckling modes have different contributions to shell's initial buckling resistance, and their respective importance in the corresponding buckling modes needs to be reexamined. Figures 10(a) , 10(b), and 10(c) show the energy contributions in different j modes for the case of [90 • , 0 • , 0 • ] s with L = 1.024 and R = 405. As shown in Figure 10 (a), in mode j = 1, the nonlinear circumferential energy contributes nearly a third to the shell's initial buckling resistance; the linear circumferential bending energy accounts for the major part of the total bending energy; the linear axial membrane energy and the linear shear membrane energy have nearly the equal weights in constituting the total linear membrane energy; the contributions of the linear axial bending, the linear twist bending, and the linear circumferential membrane energies can be negligible. While in mode j = 4, see Figure 10 (b), the contribution of the nonlinear circumferential energy is far less than in mode j = 1, the linear circumferential bending energy still takes a major role in the constitution of the total bending energy with the importance of the linear axial bending and the linear L/r = 1.024 Strain energy normalised with respect to 25 20 10 5 twist bending energies increased a lot; for the total linear membrane energy, the importance of the linear shear membrane energy rises significantly compared to the dramatic reduction of the linear circumferential membrane energy due to the shortened circumferential wave length. Figure 10(c) shows the difference of the destabilising nonlinear axial membrane term in mode j = 1 and j = 4. For this case, the overall effect causes the least reduced stiffness critical load occur in mode j = 4. Accordingly, the lower-bound reduced stiffness optimisation should look at the importance of those energy components in each of the possible buckling modes.
Geometric parameter studies for the case of [90 • , 0 • , 0 • ] s are carried out in Figures 11 and 12 to examine the effects of length to radius ratio and radius to thickness ratio on the classical critical loads and reduced stiffness critical loads. As shown in Figure 11 , for moderately long shells, the minimum classical critical loads and minimum reduced stiffness critical loads are somewhat independent of the length to radius ratio. In Figure 12 , there is a monotonic decrease in both the minimum classical critical loads and minimum reduced stiffness critical loads with increasing radius to thickness ratio.
Conclusions
The reduced stiffness method has been extended to the lower-bound buckling load analysis of FPR-laminated shells. With the understanding derived from analysis of the different contributions of various energy components to the buckling resistance of the shell, a physically based optimisation was carried out with respect to the safe lower bounds provided by a reduced stiffness critical load. To illustrate the approach, an example of a simply supported, 6-ply, symmetric glassepoxy circular cylindrical shell under uniform axial load is considered. By choosing appropriate combinations of the many geometric and material design variables, the lowerbound buckling load is shown to be enhanced significantly. Increasing the hoop bending stiffness has considerable 10 ISRN Mechanical Engineering benefit in enhancing the lower-bound buckling load provided that the compromise of the axial membrane stiffness does not exceed certain limits. Shells with orthotropic laminate configurations exhibit more favorable lower-bound buckling resistance than anisotropic ones. High classical critical loads are often associated with relatively low lowerbound reduced stiffness critical loads, which indicate the high imperfection sensitivity. This seriously undermines the common attempts to optimise buckling loads of FRPlaminated composite shells on the basis of upper-bound classical critical loads.
Based on the sound physical argument, the RSM provides a framework to compute the lower-bound buckling loads from a linear eigenvalue analysis and encourages the delineation of those components of the shell's membrane and bending stiffness that are important and those that are unimportant within each of the prospective buckling modes. The simplicity of this analytically based method enables the prediction of and also gives a better interpretation of the likely consequences of variations of the many material and geometric parameters that govern the safe resistance to buckling. As a tool for guiding appropriate combinations of parameters to affect enhanced, or even "optimum", buckling capacities this approach has been shown to have considerable advantage over many of the currently available alternative means for improving design performance.
